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1. Introduction
Let E and E∗ be a real Banach space and the space dual to E, respectively. Let Jq (q > 1) denote the generalized duality
mapping from E into 2E
∗
given by Jq(x) = {f ∈ E∗ : ⟨x, f ⟩ = ‖x‖q, ‖f ‖ = ‖x‖q−1},∀x ∈ E, where ⟨·, ·⟩ denotes the duality
pairing between E and E∗. It is well known that Jq(x) = ‖x‖q−2J(x) for all x ≠ 0. If E is smooth then Jq is single-valued, which
is denoted by jq. The duality mapping J from a smooth Banach space E into E∗ is said to be weakly sequentially continuous if
xn weak convergent to x implies Jxn weak∗ convergent to Jx.We denote the fixed points set of a nonlinearmapping T : C → E
by F(T ) = {x ∈ C : Tx = x} and write⇀ for weak convergence and→ for strong convergence.
Definition 1.1. A mapping T with domain D(T ) and range R(T ) in E is called:
(i) λ-strictly pseudocontractive [1] if for all x, y ∈ D(T ), there exist λ > 0 and jq(x− y) ∈ Jq(x− y) such that
⟨Tx− Ty, jq(x− y)⟩ ≤ ‖x− y‖q − λ‖(I − T )x− (I − T )y‖q,
or equivalently
⟨(I − T )x− (I − T )y, jq(x− y)⟩ ≥ λ‖(I − T )x− (I − T )y‖q;
(ii) L-Lipschitzian if for all x, y ∈ D(T ), there exists a constant L > 0 such that
‖Tx− Ty‖ ≤ L‖x− y‖.
If 0 < L < 1, then T is a contraction and if L = 1, then T is a nonexpansive mapping. By the definition, we know that
every λ-strictly pseudocontractive mapping is
 1+λ
λ

-Lipschitzian (see [2]).
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Remark 1.2. Let C be a nonempty subset of a real Hilbert space and T : C → C be a mapping. Then T is said to be κ-strictly
pseudocontractive [1] if for all x, y ∈ D(T ), there exists κ ∈ [0, 1) such that
‖Tx− Ty‖2 ≤ ‖x− y‖2 + κ‖(I − T )x− (I − T )y‖2. (1.1)
It is well known that (1.1) is equivalent to the following:
⟨Tx− Ty, x− y⟩ ≤ ‖x− y‖2 − 1− κ
2
‖(I − T )x− (I − T )y‖2.
It is worth mentioning that the class of strict pseudocontractions includes properly the class of nonexpansive mappings.
In 1953, Mann [3] introduced an iteration as follows: a sequence {xn} defined by x0 ∈ C and
xn+1 = αnxn + (1− αn)Txn, ∀n ≥ 0, (1.2)
where αn ∈ [0, 1]. If T is a nonexpansive mapping with a fixed point and the control sequence {αn} is chosen such that∑∞
n=0 αn(1− αn) = ∞, then the sequence {xn} defined by (1.2) converges weakly to a fixed point of T (this is also valid in
a uniformly convex Banach space with the Fréchet differentiable norm [4]).
In 1967, Browder and Petryshyn [1] introduced the class of strict pseudocontractions and proved existence and weak
convergence theorems in a real Hilbert setting by using theMann iterative algorithm (1.2) with a constant sequence αn = α
for all n ≥ 0. Recently, Marino and Xu [5] and Zhou [6] extended the results of Browder and Petryshyn [1] to Mann’s
iteration process (1.2). Zhou [7] also investigated the weak convergence in a 2-uniformly smooth Banach space. In a much
more general setting, Osilike and Udomene [8], Zhang and Su [9], Zhang and Guo [10] and Zhou [11] investigated the weak
convergence in a q-uniformly smooth Banach space. Since 1967, the construction of fixed points for pseudocontractions via
the iterative process has been extensively investigated by many authors (see, e.g., [12–15]).
Due to the weak convergence of the Mann iterative algorithm, in 1967, Halpern [16] introduced a modified Mann’s
iteration (1.2) which is the so called Halpern iterative scheme as follows: a sequence {xn} defined by x0 ∈ C and
xn+1 = αnu+ (1− αn)Txn, ∀n ≥ 0, (1.3)
where αn ∈ [0, 1] and u ∈ C . He proved, in a real Hilbert space, the convergence of {xn} to a fixed point of T where
αn := n−a, a ∈ (0, 1).
In 1977, Lions [17] obtained a strong convergence provided the real sequence {αn} satisfies the following conditions:
C1 : lim
n→∞αn = 0; C2 :
∞−
n=0
αn = ∞; C3 : lim
n→∞
αn − αn−1
α2n
= 0.
Reich [18] also extended the result of Halpern from Hilbert spaces to uniformly smooth Banach spaces. However, both
Halpern’s and Lions’ conditions imposed on the real sequence {αn} excluded the canonical choice αn = 1/(n+ 1).
In 1992,Wittmann [19] proved that the sequence {xn} converges strongly to a fixed point of T if {αn} satisfies the following
conditions:
C1 : lim
n→∞αn = 0; C2 :
∞−
n=0
αn = ∞; C3 :
∞−
n=0
|αn+1 − αn| <∞.
Later, Shioji and Takahashi [20] extendedWittmann’s result to real Banach spaces with uniformly Gâteaux differentiable
norms and in which each nonempty closed convex and bounded subset has the fixed point property for nonexpansive
mappings. The concept of the Halpern iterative scheme has been widely used to approximate the fixed points for
nonexpansive mappings (see, e.g., [21–26] and the references cited therein).
In 2003, Nakajo and Takahashi [27] introduced another modified Mann iterative algorithm for a nonexpansive mapping
T in a real Hilbert space as follows: x1 = x ∈ C and
yn = αnxn + (1− αn)Txn,
Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : ⟨xn − z, x− xn⟩ ≥ 0},
xn+1 = PCn∩Qnx, n ≥ 1,
(1.4)
where {αn} ⊂ [0, 1] and PK is a metric projection from H into a nonempty, closed and convex subset K . Such an algorithm is
called the CQ method. They proved that the sequence {xn} generated by (1.4) converges strongly to a fixed point of T under
suitable conditions.
Recently, Takahashi et al. [28] introduced a newmodification of theMann iterative scheme called the shrinking projection
method for a nonexpansive mapping T in a Hilbert space as follows: for x0 ∈ H, C1 = C and x1 = PC1x0, define the sequence{xn} byyn = αnxn + (1− αn)Txn,
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x, n ≥ 1,
(1.5)
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where {αn} ⊂ [0, 1]. They proved that the sequence {xn} generated by (1.5) converges strongly to a fixed point of T under
suitable conditions.
The concepts of the CQ method and the shrinking projection method have also been extensively investigated in order to
get strong convergence results by many authors (see, e.g., [29–33]). A natural question arises:
Question. Besides the concepts mentioned before, could one construct a new modification of the Mann iterative algorithm
in order to get strong convergence?
In 2009, Yao et al. [34] introduced a newmodifiedMann iterative algorithmwhich is different from those in the literature
for a nonexpansive mapping in a real Hilbert space. To be more precise, they proved the following theorem.
Theorem 1.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let T : C → C be a nonexpansivemapping
such that F(T ) ≠ ∅. Let {αn} and {βn} be two real sequences in (0, 1). For x0 ∈ C given arbitrarily, let the sequence {xn}, n ≥ 0,
be generated iteratively by
yn = PC [(1− αn)xn],
xn+1 = (1− βn)xn + βnTyn. (1.6)
Suppose that the following conditions are satisfied:
(i) limn→∞ αn = 0 and∑∞n=0 αn = ∞;
(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
then the sequence {xn} generated by (1.6) strongly converges to a fixed point of T .
Let C be a nonempty, closed and convex subset of a real Banach space E and {Tn}∞n=1 : C → C a countable family of strict
pseudocontractions.
Motivated and inspired byMarino andXu [5] and Yao et al. [34], we consider the followingmodifiedMann-type iteration:
x1 ∈ C and
yn = QC [(1− αn)xn],
xn+1 = (1− βn)xn + βn[(1− γn)yn + γnTnyn], n ≥ 1, (1.7)
where {αn} and {βn} are real sequences in (0, 1) and QC is a sunny, nonexpansive retraction of E onto C .
In this paper, first we prove path convergence for a nonexpansive mapping in uniformly convex and q-uniformly smooth
Banach spaces. Then we prove a strong convergence of the modified Mann-type iteration process (1.7) for a countable
family of strict pseudocontractions. Using the result obtained, the strong convergence is also established for an infinite
strict pseudocontractions. Our results extend the main result of Yao et al. [34] in several aspects.
2. Preliminaries
A Banach space E is said to be strictly convex if ‖x+y‖2 < 1 for all x, y ∈ E with ‖x‖ = ‖y‖ = 1 and x ≠ y. A Banach
space E is called uniformly convex if for each ϵ > 0 there is a δ > 0 such that for x, y ∈ E with ‖x‖, ‖y‖ ≤ 1 and ‖x − y‖
≥ ϵ, ‖x+ y‖ ≤ 2(1− δ) holds. Themodulus of convexity of E is defined by
δE(ϵ) = inf

1−
12 (x+ y)
 : ‖x‖, ‖y‖ ≤ 1, ‖x− y‖ ≥ ϵ ,
for all ϵ ∈ [0, 2]. E is uniformly convex if δE(0) = 0, and δE(ϵ) > 0 for all 0 < ϵ ≤ 2. It is known that every uniformly
convex Banach space is strictly convex and reflexive. Let S(E) = {x ∈ E : ‖x‖ = 1}. Then the norm of E is said to be Gâteaux
differentiable if
lim
t→0
‖x+ ty‖ − ‖x‖
t
exists for each x, y ∈ S(E). In this case E is called smooth. The norm of E is said to be Fréchet differentiable if for each x ∈ S(E),
the limit is attained uniformly for y ∈ S(E). The norm of E is called uniformly Fréchet differentiable if the limit is attained
uniformly for x, y ∈ S(E). It is well known that (uniform) Fréchet differentiability of the norm of E implies (uniform) Gâteaux
differentiability of the norm of E.
Let ρE : [0,∞)→ [0,∞) be themodulus of smoothness of E defined by
ρE(t) = sup

1
2
(‖x+ y‖ + ‖x− y‖)− 1 : x ∈ S(E), ‖y‖ ≤ t

.
A Banach space E is said to be uniformly smooth if ρE (t)t → 0 as t → 0. Suppose that q > 1; then E is said to be
q-uniformly smooth if there exists c > 0 such that ρE(t) ≤ ctq. It is easy to see that if E is q-uniformly smooth, then q ≤ 2
and E is uniformly smooth. It is well known that E is uniformly smooth if and only if the norm of E is uniformly Fréchet
differentiable, and hence the norm of E is Fréchet differentiable. For more details, we refer the reader to [35,36].
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In 1972, Gossez and Lami [37] gave some geometric properties related to the fixed point theory for nonexpansive
mappings. They proved that a space with a weakly continuous duality map satisfies Opial’s condition [38]. Conversely, if
a space satisfies Opial’s condition and has a uniformly Gâteaux differentiable norm, then it has a weakly continuous duality
mapping at zero.
Let E be a real Banach space, C a nonempty, closed and convex subset of E, and K a nonempty subset of C . Let Q : C → K .
Then Q is said to be:
(1) sunny if for each x ∈ C and t ∈ [0, 1], we have
Q (tx+ (1− t)Qx) = Qx;
(2) a retraction of C onto K if
Qx = x, ∀x ∈ K ;
(3) a sunny nonexpansive retraction if Q is sunny, nonexpansive and a retraction onto K (see also Bruck [39], Goebel and
Reich [40] and Reich [24]).
In the sequel, we need the following crucial lemmas.
Lemma 2.1 ([41]). Let E be a real q-uniformly smooth Banach space. Then the following inequality holds:
‖x+ y‖q ≤ ‖x‖q + q⟨y, Jq(x)⟩ + Cq‖y‖q,
for all x, y ∈ E and for some Cq > 0.
Lemma 2.2 ([42]). Suppose that q > 1. Then the following inequality holds:
ab ≤ 1
q
aq + q− 1
q
b
q
q−1
for arbitrary positive real numbers a, b.
Lemma 2.3 ([43]). Let {xn} and {zn} be two sequences in a Banach space E such that
xn+1 = (1− βn)xn + βnzn, n ≥ 1,
where {βn} satisfies the following condition: 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. If lim supn→∞(‖zn+1− zn‖−‖xn+1−
xn‖) ≤ 0, then limn→∞ ‖xn − zn‖ = 0.
Lemma 2.4 ([44,45]). Let E be a real uniformly convex Banach space and let C be a nonempty, closed and convex subset of E and
S : C → C a nonexpansive mapping such that F(S) ≠ ∅; then I − S is demiclosed at zero.
Lemma 2.5 ([26]). Assume that {an} is a sequence of nonnegative real numbers such that
an+1 ≤ (1− γn)an + γnδn, n ≥ 1,
where {γn} is a sequence in (0, 1) and {δn} is a sequence in R such that
(a)
∞−
n=1
γn = ∞; (b) lim sup
n→∞
δn ≤ 0 or
∞−
n=1
|γnδn| <∞.
Then limn→∞ an = 0.
To deal with a family of mappings, the following conditions are introduced. Let C be a subset of a real Banach space E and
let {Tn}∞n=1 be a family of mappings of C such that
∞
n=1 F(Tn) ≠ ∅. Then {Tn} is said to satisfy the AKTT-condition [21] if for
each bounded subset B of C ,
∞−
n=1
sup{‖Tn+1z − Tnz‖ : z ∈ B} <∞.
Lemma 2.6 ([21]). Let C be a nonempty and closed subset of a Banach space E and let {Tn} be a family of mappings of C into
itself which satisfies the AKTT-condition. Then, for each x ∈ C, {Tnx} converges strongly to a point in C. Moreover, let the mapping
T be defined by
Tx = lim
n→∞ Tnx ∀x ∈ C .
Then for each bounded subset B of C,
lim sup
n→∞
{‖Tz − Tnz‖ : z ∈ B} = 0.
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The following results can be found in [46,47].
Lemma 2.7 ([46,47]). Let C be a closed and convex subset of a smooth Banach space E. Suppose that {Tn}∞n=1 is a family of
λ-strictly pseudocontractive mappings from C into E with
∞
n=1 F(Tn) ≠ ∅ and {µn}∞n=1 is a real sequence in (0, 1) such that∑∞
n=1 µn = 1. Then the following conclusions hold:
(1) G :=∑∞n=1 µnTn : C → E is a λ-strictly pseudocontractive mapping;
(2) F(G) =∞n=1 F(Tn).
Lemma 2.8 ([47]). Let C be a closed and convex subset of a smooth Banach space E. Suppose that {Sk}∞k=1 is a countable family
of λ-strictly pseudocontractive mappings of C into itself with
∞
k=1 F(Sk) ≠ ∅. For each n ∈ N, define Tn : C → C by
Tnx =
n−
k=1
µknSkx, x ∈ C,
where {µkn} is a family of nonnegative numbers satisfying:
(i)
∑n
k=1 µkn = 1 for all n ∈ N; (ii) µk := limn→∞ µkn > 0 for all k ∈ N;
(iii)
∑∞
n=1
∑n
k=1 |µkn+1 − µkn| <∞.
Then:
(1) Each Tn is a λ-strictly pseudocontractive mapping.
(2) {Tn} satisfies the AKTT-condition.
(3) If T : C → C is defined by
Tx =
∞−
k=1
µkSkx, x ∈ C,
then Tx = limn→∞ Tnx and F(T ) =∞n=1 F(Tn) =∞k=1 F(Sk).
In the sequel, wewill write that ({Tn}, T ) satisfies the AKTT-condition if {Tn} satisfies the AKTT-condition and T is defined
by Lemma 2.6 with F(T ) =∞n=1 F(Tn).
3. The path convergence theorem
Let C be a nonempty, closed and convex subset of a real Banach space E. Let S : C → C be a nonexpansive mapping. For
each t ∈ (0, 1), we define the mapping St : C → C by
Stx = SQC [(1− t)x], ∀x ∈ C . (3.1)
It is easy to see that St is a contraction. By the Banach contraction principle, there exists a unique fixed point xt of St in C ,
that is,
xt = SQC [(1− t)xt ]. (3.2)
Theorem 3.1. Let E be a real q-uniformly smooth and uniformly convex Banach space which admits the weakly sequentially
continuous duality mapping jq and C be a nonempty, closed and convex subset of E. Let S : C → C be a nonexpansive mapping
with F(S) ≠ ∅. For each t ∈ (0, 1), let {xt} be generated by (3.2), then as t → 0, {xt} converges strongly to a fixed point of S.
Proof. First, we prove that {xt} is bounded. Let x∗ ∈ F(S). From (3.2) we have
‖xt − x∗‖ = ‖SQC [(1− t)xt ] − SQCx∗‖
≤ (1− t)‖xt − x∗‖ + t‖x∗‖.
This implies that ‖xt − x∗‖ ≤ ‖x∗‖ and hence {xt} is bounded.
Next, we prove that ‖xt − Sxt‖ → 0 as t → 0. From (3.2) we also have
‖xt − Sxt‖ = ‖SQC [(1− t)xt ] − Sxt‖
≤ t‖xt‖ → 0, (3.3)
as t → 0.
Next, we prove that {xt} is relatively norm compact as t → 0. Let {tn} ⊂ (0, 1) be a sequence such that tn → 0 as
n →∞. Put xn := xtn . From (3.3) we get that
‖xn − Sxn‖ → 0, (3.4)
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as n →∞. Using Lemma 2.1, we obtain for each u ∈ F(S) that
‖xt − u‖q = ‖SQC [(1− t)xt ] − SQCu‖q
≤ ‖(xt − u)− txt‖q
≤ ‖xt − u‖q − qt⟨xt , jq(xt − u)⟩ + Cqtq‖xt‖q
= ‖xt − u‖q − qt⟨xt − u, jq(xt − u)⟩ − qt⟨u, jq(xt − u)⟩ + Cqtq‖xt‖q
= ‖xt − u‖q − qt‖xt − u‖q − qt⟨u, jq(xt − u)⟩ + Cqtq‖xt‖q.
This shows that
‖xt − u‖q ≤ ⟨u, jq(u− xt)⟩ + Cqt
q−1
q
‖xt‖q.
In particular, we obtain that
‖xn − u‖q ≤ ⟨u, jq(u− xn)⟩ + Cqt
q−1
n
q
‖xn‖q.
Since {xn} is bounded, without loss of generality, we can assume that xn ⇀ z∗ ∈ C . By Lemma 2.4 and (3.4), we know that
z∗ ∈ F(S). So we have
‖xn − z∗‖q ≤ ⟨z∗, jq(z∗ − xn)⟩ + Cqt
q−1
n
q
‖xn‖q.
Since jq is weakly sequential continuous, we obtain xn → z∗ as n → ∞. Next, we prove that xt → z∗ as t → 0. Assume
that xtm → x∗, where tm → 0. Put xm := xtm . Using the same argument as above, we can show that x∗ ∈ F(S) and
‖xm − z∗‖q ≤ ⟨z∗, jq(z∗ − xm)⟩ + Cqt
q−1
m
q
‖xm‖q.
Therefore,
‖x∗ − z∗‖q ≤ ⟨z∗, jq(z∗ − x∗)⟩. (3.5)
Interchanging x∗ and z∗, we have
‖z∗ − x∗‖q ≤ ⟨x∗, jq(x∗ − z∗)⟩. (3.6)
Combining (3.5) and (3.6) we obtain
2‖x∗ − z∗‖q ≤ ⟨z∗, jq(z∗ − x∗)⟩ + ⟨x∗, jq(x∗ − z∗)⟩
= ‖x∗ − z∗‖q.
This implies that x∗ = z∗ and hence the proof is complete. 
4. The main results
Theorem 4.1. Let E be a real q-uniformly smooth and uniformly convex Banach space which admits the weakly sequentially
continuous duality mapping jq and C be a nonempty, closed and convex subset of E. Let {Tn}∞n=1 : C → C be a family of λ-strict
pseudocontractions, 0 < λ < 1, such that F := ∞n=1 F(Tn) ≠ ∅. Assume that {αn}, {βn} and {γn} are real sequences in (0, 1)
which satisfy the conditions:
(C1)
∑∞
n=1 αn = ∞ and limn→∞ αn = 0;
(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(C3)
∑∞
n=1 |γn+1 − γn| <∞;
(C4) 0 < a ≤ γn ≤ µ,µ = min

1,

qλ
Cq
 1
q−1

.
Suppose that ({Tn}, T ) satisfies the AKTT-condition. Then the sequence {xn} generated by (1.7) converges strongly to a common
fixed point of {Tn}∞n=1.
P. Cholamjiak, S. Suantai / Computers and Mathematics with Applications 62 (2011) 787–796 793
Proof. First, we prove that {xn} is bounded. Put zn = (1 − γn)yn + γnTnyn for all n ≥ 1. For each u ∈ F , it follows from
Lemma 2.1 that
‖zn − u‖q = ‖(yn − u)+ γn(Tnyn − yn)‖q
≤ ‖yn − u‖q + qγn⟨Tnyn − yn, jq(yn − u)⟩ + Cqγ qn ‖yn − Tnyn‖q
≤ ‖yn − u‖q − qλγn‖yn − Tnyn‖q + Cqγ qn ‖yn − Tnyn‖q
= ‖yn − u‖q − γn(qλ− Cqγ q−1n )‖yn − Tnyn‖q.
This implies by (C4) that
‖zn − u‖ ≤ ‖yn − u‖.
Hence
‖xn+1 − u‖ = ‖(1− βn)(xn − u)+ βn(zn − u)‖
≤ (1− βn)‖xn − u‖ + βn‖zn − u‖
≤ (1− βn)‖xn − u‖ + βn‖yn − u‖
≤ (1− βn)‖xn − u‖ + βn((1− αn)‖xn − u‖ + αn‖u‖)
= (1− αnβn)‖xn − u‖ + αnβn‖u‖
≤ max{‖xn − u‖, ‖u‖}.
By induction, we get that {xn} is bounded, and so is {yn}. First, we observe that
‖yn+1 − yn‖ ≤ ‖(1− αn+1)xn+1 − (1− αn)xn‖
≤ ‖xn+1 − xn‖ + αn+1‖xn+1‖ + αn‖xn‖. (4.1)
For each n ≥ 1, define Snx = (1 − γn)x + γnTnx for all x ∈ C . By (C4), it is easy to verify that Sn is nonexpansive and
F(Tn) = F(Sn) for all n ≥ 1. Moreover, {Sn} satisfies the AKTT-condition. In fact, for any bounded subset B of C ,
sup
z∈B
‖Sn+1z − Snz‖ = sup
z∈B
‖((1− γn+1)z + γn+1Tn+1z)− ((1− γn)z + γnTnz)‖
≤ |γn+1 − γn| sup
z∈B
‖z‖ + γn+1 sup
z∈B
‖Tn+1z − Tnz‖ + |γn+1 − γn| sup
z∈B
‖Tnz‖
≤ |γn+1 − γn|

sup
z∈B
‖z‖ + sup
z∈B
‖Tnz‖

+ sup
z∈B
‖Tn+1z − Tnz‖.
From condition (C3) and {Tn} satisfying the AKTT-condition, we get that
∞−
n=1
sup
z∈B
‖Sn+1z − Snz‖ <∞. (4.2)
Next, we show that ‖xn+1 − xn‖ → 0 and ‖yn − Tnyn‖ → 0 as n →∞. We observe that
‖zn+1 − zn‖ = ‖Sn+1yn+1 − Snyn‖
≤ ‖Sn+1yn+1 − Sn+1yn‖ + ‖Sn+1yn − Snyn‖
≤ ‖yn+1 − yn‖ + sup
z∈{yn}
‖Sn+1z − Snz‖. (4.3)
It follows from (4.1) and (4.3) that
‖zn+1 − zn‖ ≤ ‖xn+1 − xn‖ + αn+1‖xn+1‖ + αn‖xn‖ + sup
z∈{yn}
‖Sn+1z − Snz‖.
From (C1) and (4.2) we obtain
lim sup
n→∞
(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.
By Lemma 2.3 and (C2), we conclude that
lim
n→∞ ‖xn − zn‖ = 0. (4.4)
Hence
lim
n→∞ ‖xn+1 − xn‖ = limn→∞βn‖zn − xn‖ = 0. (4.5)
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From (1.7) and (C1) we see that
‖yn − xn‖ = ‖QC [(1− αn)xn] − QCxn‖
≤ αn‖xn‖ → 0, (4.6)
as n →∞. So from (4.4) and (4.6) we have ‖zn − yn‖ → 0 as n →∞. Observe that
‖Tnyn − yn‖ = 1
γn
‖zn − yn‖,
which implies by condition (C4) that
lim
n→∞ ‖Tnyn − yn‖ = 0. (4.7)
Since {Sn} satisfies the AKTT-condition, we can define S : C → C by Sx = limn→∞ Snx for all x ∈ C . It is easy to see that S is
nonexpansive. Since {γn} is bounded, there exists a subsequence {γnj} of {γn} such that γnj → γ as j →∞. It follows that
Sx = lim
j→∞ Snjx = limj→∞[(1− γnj)x+ γnjTnjx] = (1− γ )x+ γ Tx, ∀x ∈ C .
This shows that F(S) = F(T ) = F . We observe that
‖yn − Syn‖ ≤ ‖yn − Snyn‖ + ‖Snyn − Syn‖
≤ ‖yn − zn‖ + sup
z∈{yn}
‖Snz − Sz‖ → 0,
as n →∞. On the other hand, we see that
‖xn − Sxn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − Snyn‖ + ‖Snyn − Snxn‖ + ‖Snxn − Sxn‖
≤ ‖xn − xn+1‖ + (1− βn)‖xn − zn‖ + ‖yn − xn‖ + sup
z∈{xn}
‖Snz − Sz‖.
From (4.4)–(4.6), we have
lim
n→∞ ‖Sxn − xn‖ = 0. (4.8)
Let {xt} be defined by (3.2). By Theorem 3.1, we have xt → x∗ ∈ F(S) as t → 0. Next, we prove that
lim sup
n→∞
⟨x∗, jq(x∗ − xn)⟩ ≤ 0.
From Lemma 2.1 and (3.2), we obtain that
‖xt − xn‖q = ‖xt − Sxn + Sxn − xn‖q
≤ ‖xt − Sxn‖q + q⟨Sxn − xn, jq(xt − Sxn)⟩ + Cq‖Sxn − xn‖q
≤ ‖xt − Sxn‖q + q‖Sxn − xn‖ ‖xt − Sxn‖q−1 + Cq‖Sxn − xn‖q
≤ ‖SQC (1− t)xt − SQCxn‖q +M‖Sxn − xn‖
≤ ‖xt − xn − txt‖q +M‖Sxn − xn‖
≤ ‖xt − xn‖q − qt⟨xt , jq(xt − xn)⟩ + Cqtq‖xt‖q +M‖Sxn − xn‖
for someM > 0. It follows that
⟨xt , jq(xt − xn)⟩ ≤ Cqt
q−1
q
‖xt‖q + Mqt ‖Sxn − xn‖.
From (4.8) we obtain that
lim sup
t→0
lim sup
n→∞
⟨xt , jq(xt − xn)⟩ ≤ 0. (4.9)
On the other hand, we observe that
⟨x∗, jq(x∗ − xn)⟩ = ⟨x∗, jq(x∗ − xn)− jq(xt − xn)⟩ + ⟨x∗ − xt , jq(xt − xn)⟩ + ⟨xt , jq(xt − xn)⟩
≤ ⟨x∗, jq(x∗ − xn)− jq(xt − xn)⟩ + ‖x∗ − xt‖ ‖xt − xn‖q−1 + ⟨xt , jq(xt − xn)⟩. (4.10)
Since E is q-uniformly smooth, jq is uniformly continuous on bounded sets of E. So the limits lim supn→∞ and lim supt→0
are interchangeable. Hence, from (4.9) and (4.10), we have
lim sup
n→∞
⟨x∗, jq(x∗ − xn)⟩ ≤ 0. (4.11)
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From (1.7), we have
‖yn − x∗‖q ≤ ‖(1− αn)(xn − x∗)− αnx∗‖q
≤ (1− αn)q‖xn − x∗‖q + Cqαqn‖x∗‖q − qαn⟨x∗, jq((1− αn)(xn − x∗))⟩
= (1− αn)q‖xn − x∗‖q + Cqαqn‖x∗‖q − qαn(1− αn)q−1⟨x∗, jq(xn − x∗)⟩
≤ (1− αn)‖xn − x∗‖q + αn(Cqαq−1n ‖x∗‖q − q(1− αn)q−1⟨x∗, jq(xn − x∗)⟩)
= (1− αn)‖xn − x∗‖q + αnδn, (4.12)
where δn = Cqαq−1n ‖x∗‖q + q(1− αn)q−1⟨x∗, jq(x∗ − xn)⟩. From (C1) and (4.11), it is easy to see that lim supn→∞ δn ≤ 0.
Finally, we prove that xn → x∗ as n →∞. By Lemma 2.2 and (1.7), we have
‖xn+1 − x∗‖q = (1− βn)⟨xn − x∗, jq(xn+1 − x∗)⟩ + βn⟨zn − x∗, jq(xn+1 − x∗)⟩
≤ (1− βn)‖xn − x∗‖ ‖xn+1 − x∗‖q−1 + βn‖zn − x∗‖ ‖xn+1 − x∗‖q−1
≤ (1− βn)

1
q
‖xn − x∗‖q + q− 1q ‖xn+1 − x
∗‖q

+ βn

1
q
‖yn − x∗‖q + q− 1q ‖xn+1 − x
∗‖q

= (1− βn)
q
‖xn − x∗‖q + q− 1q ‖xn+1 − x
∗‖q + βn
q
‖yn − x∗‖q. (4.13)
It follows from (4.12) and (4.13) that
‖xn+1 − x∗‖q ≤ (1− βn)‖xn − x∗‖q + βn‖yn − x∗‖q
≤ (1− βn)‖xn − x∗‖q + βn((1− αn)‖xn − x∗‖q + αnδn)
= (1− αnβn)‖xn − x∗‖q + αnβnδn. (4.14)
Applying Lemma 2.5 to (4.14), we conclude that xn → x∗ ∈ F as n →∞. This completes the proof. 
Remark 4.2. Theorem 4.1 extends the main result of Yao et al. in the following senses:
(i) from real Hilbert spaces to q-uniformly smooth and uniformly convex Banach spaces;
(ii) from a single nonexpansive mapping to an infinite family of strict pseudocontractions.
As a direct consequence of Lemmas 2.7 and 2.8 and Theorem 4.1, we obtain the following result.
Theorem 4.3. Let E be a real q-uniformly smooth and uniformly convex Banach space which admits the weakly sequentially
continuous duality mapping jq and C be a nonempty, closed and convex subset of E. Let {Sk}∞k=1 be a sequence of λk-strict
pseudocontractions of C into itself such that
∞
k=1 F(Sk) ≠ ∅ and inf{λk : k ∈ N} = λ > 0. Define the sequence {xn} by
x1 ∈ C,
yn = QC [(1− αn)xn],
xn+1 = (1− βn)xn + βn

(1− γn)yn + γn
n−
k=1
µknSkyn

, n ≥ 1,
where {αn}, {βn} and {γn} are real sequences in (0, 1)which satisfy (C1)–(C4) of Theorem 4.1 and {µkn} is a real sequence which
satisfies (i)–(iii) of Lemma 2.8. Then, {xn} converges strongly to a common fixed point of {Sk}∞k=1.
Remark 4.4. By Gossez and Lami [37], we know that if E satisfies Opial’s condition and has a uniformly Gâteaux
differentiable norm, then E has a weakly continuous duality mapping at zero. Thus, Theorems 4.1 and 4.3 hold in uniformly
convex and q-uniformly smooth Banach spaces which satisfy Opial’s condition and also hold in real Hilbert spaces.
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